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Abstract
In this paper the Killing vector will be constructed for the R-
spacetime metric. The symmetry transformations corresponding to
this vectors are obtained explicitly. Their coincidence with the trans-
formations of the Poincar group in a small neighborhood of the world
point is shown.
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1 Introduction
It is known that [1], [2], like Minkowski space-time, the space-time of constant
curvature (positive or negative) has the maximal symmetry. These spacetime
correspondingly are de Sitter or anti-de Sitter spacetime. In the case of anti-
de Sitter spacetime metric in Beltrami coordinates there is a limit c → ∞
which reaches to the metric of R-spacetime [3], [4], [5], [6]. In this work we
consider this metric and show that the R-spacetime is also a spacetime of
maximal symmetry.
2 Killing vectors and generators of symmetry
in R-spacetime
The line element of the R-spacetime metric can be represented as [4], [5], [6]
ds2 =
R4
c4t4
(
1−
δijx
ixj
R2
)
dx20 +
2R2
c3t3
δijx
idxjdx0 −
R2
c2t2
δijdx
idxj , (1)
where indices i, j run over 1,2,3 and carry out summation by repeated indices.
Obviously, the components of this metric tensor are
g00 =
R4
c4t4
(
1−
δijx
ixj
R2
)
, goi =
R2
c3t3
xi, gij = −
R2
c2t2
δij, (2)
and their inverse elements are
g00 =
c4t4
R4
, g0i =
c3t3xi
R4
, gij =
c2t2
R2
(
xixj
R2
− δij
)
. (3)
It is straightforward to show that the non-zero components of Christoffel
symbols are
Γ000 = −
2
ct
, Γi0j = −
δij
ct
, (4)
which is necessary for calculating the Killing vectors.
Let ξµ ≡ (ξ0, ξi) be the Killing vector satisfying the Killing equations in
curved spacetime [7], [8]
∂µξν + ∂νξµ = 2Γ
ρ
µνξρ. (5)
For the case µ = ν = 0 we can write the Killing equation as
∂0ξ0 = −
2
ct
ξ0. (6)
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The general solution of (6) could be expressed as
ξ0 =
f(x)
t2
, (7)
where f(x) is an arbitrary function of coordinates.
Now let consider the case µ = 0, ν = i :
∂0ξi + ∂iξ0 = −
2
ct
ξi. (8)
Substituting (7) into (8) and solve the linear partial differential equation, we
get that
ξi = −
c
t
∂if(x) +
gi(x)
t2
, (9)
where gi(x) are arbitrary coordinate functions. By using the remaining
Killing equations, we could determine the form of f(xi) and gi(xi), i.e. sub-
stituting (9) to the following equation
∂iξj + ∂jξi = 0. (10)
From these equations we get a general form of the functions f(xi) and gi(xi)
f(x) = a + vix
i, gi(x) = εijkx
jpk + ai, (11)
where a, vi, p
k, ai are arbitrary constant parameters. Substituting (11) in (7)
and (9) we get
ξ0 =
1
t2
(a+ vixi), ξi = −
c
t
vi +
1
t2
(εijkx
jpk + ai). (12)
Since
ξ0 = g00ξ0 + g
0iξi, ξ
i = gi0ξ0 + g
ijξj, (13)
we get that
ξ0 =
c3t
R4
(
act + aix
i
)
, ξi =
c3t
R2
{
axi
R2
+ δijvj
}
+
c2
R2
{
(ajx
j)xi
R2
− (aj + εjklx
kpl)
}
.
(14)
Now we can construct the generators of symmetry in the R-spacetime using
the calculated Killing vectors with superscripts
X = ξµ∂µ. (15)
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After substituting the equation (14) into (15) we receive the generators of
symmetry in the form
X = a
c3
R4
t {(t∂t + xi∂i)}+
c3
R2
δijvi(t∂j) +
+
c2
R2
pi(εijlδ
lkxj∂k) +
c2
R2
δijai
{
−∂j +
δjkx
k
R2
(t∂t + xl∂l)
}
= (16)
= a˜H + v˜iKi + a˜
iPi + p˜
iJi,
where a˜,v˜i,a˜
i,p˜i are the transformation parameters which is related with
a,vi,ai,p
i by
a˜ =
ac3
R4
, v˜i =
δijvic
3
R2
,
a˜i =
δijajc
2
R2
, p˜i =
pic2
R2
,
and
H = t(t∂t + x
i∂i), (17)
Pi = −∂i +
δijx
j
R2
(t∂t + xk∂k), (18)
Ki = t∂i, (19)
Ji = εijkxjδ
kl∂l. (20)
It is important to remark that the algebra of generators (17)-(20) is iso-
morphic to the algebra of generator of the Poincare symmetry group [3], [8],
[12]. However, only the rotation generators (20) are completely the same
as in the Poincare symmetry group. The finite coordinate transformations
generated by the other generators, are significantly different from the trans-
formations of Poincare group. The generators (19) exactly correspondence
to the Galilean boost. The transformations produced by generators (17),(18)
will be considered in next section.
3 The symmetry transformations in R-spacetime
We consider the symmetry transformations generated by the generator Pi.
Let the transformation parameters be ai. We introduce the operator Qˆ :
Qˆ ≡ aiPi = −ai∂j +
aix
j
R2
{
t∂t + x
k∂k
}
.
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From now on, ai ≡ δija
j . Because Qˆ is a first-order differential operator, its
action on any function f will be the commutator between Qˆ and f :(
Qˆf
)
= [Qˆ, f ], (21)
where the parentheses define the action of the operator Qˆ on function f
only [9].
Now we consider action of the operator of finite transformation on arbi-
trary function f :
f˜ ≡
(
eQˆf
)
, (22)
where, once again, the parentheses on the right-hand side indicate that the
differential operator exp(Qˆ) acts on f only. Since
(
Qˆf
)
= [Qˆ, f ] is a func-
tion, we see that
(
Qˆ2f
)
= [Qˆ,
(
Qˆf
)
] = [Qˆ, [Qˆ, f ]]. More generally, it is easy
to see that for arbitrary degree [9]
(
Qˆnf
)
= [Qˆ, [Qˆ, [· · · [Qˆ, f ] · · · ]]]︸ ︷︷ ︸
n
, (23)
where n = 0, 1, 2, . . .. Thus,
(
eQˆf
)
=
∞∑
n=0
1
n!
(
Qˆnf
)
=
∞∑
n=0
1
n!
[Qˆ, [Qˆ, [· · · [Qˆ, f ] · · · ]]]︸ ︷︷ ︸
n
= eQˆfe−Qˆ, (24)
With the help of this formula we are able to find the finite transformation
for t, xi. We introduce the variables χ ≡
aix
i
R2
and α2 ≡
aia
i
R2
. The parallel
and perpendicular components of xi to the vector ai can be correspondingly
represented as
xi‖ = a
i χ
α2
(25)
xi⊥ = x
i − xi‖ (26)
1. Finite transformation of t It is not difficult to calculate the commuta-
tors
[Qˆ, t] = χt (27)
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and
[Qˆ, κ] = χ2 − α2, (28)
Let F (x) be a differentiable function of χ. We have already noted that
the operator Qˆ is a first-order differential operator, so we get that
[Qˆ, F (χ)t] =
dF
dχ
[Qˆ, χ]t + F (χ)[Qˆ, t]
=
{(
χ2 − α2
) dF (χ)
dχ
+ χF (χ)
}
t
≡
(
DˆF (χ)
)
t, (29)
where we have defined the differential operator
Dˆ ≡
(
χ2 − α2
) d
dχ
+ χ. (30)
Since (DˆF ) is a function of χ, Eq. (29) says that the commutator Qˆ
and some function F (χ) multiplied by t is again another function of χ
multiplied by t. Since
(
Dˆ1
)
= χ, this result lead to a simple formula:
[Qˆ, [Qˆ, [· · · [Qˆ, t] · · · ]]]︸ ︷︷ ︸
n
=
(
Dˆn1
)
t (31)
Putting (31) in the formula (24) under the condition f = t, we get that
(
eQˆt
)
=
∞∑
n=0
1
n!
(
Dˆn1
)
t
=
(
eDˆ1
)
t. (32)
To calculate (exp(Dˆ)1), we introduce a new variable y related to χ by
the relation
dχ
dy
= χ2 − α2
or
χ = −α coth(αy) (33)
Thus, in terms of y, the operator Dˆ takes the form
Dˆ =
d
dy
− α coth(αy)
= e
∫ y
α coth(αz)dz d
dy
e−
∫ y
α coth(αz)dz , (34)
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so that the operator of finite transformation come to
eDˆ =
∞∑
n=0
1
n!
Dˆn
= e
∫ y
α coth(αz)dz e
d
dy e−
∫ y
α coth(αz)dz . (35)
Since
e−
∫ y
α coth(αz)dz =
1
sinh(αy)
,
then (
eDˆ1
)
=
sinh(αy)
sinh(α(y + 1))
, (36)
where we have used the fact that exp(d/dy) is a translational operator
that increases the value of y by one unit. Using Eq. (33), we easily
evaluate
sinh(αy)
sinh(α(y + 1))
=
√
1−
ρiρ
i
R2
1−
ρiρ
i
R2
, (37)
where ρi =
ai
α
tanhα (i.e. we note that ρiρ
i = R2 tanhα < R2). Finally
we obtain the time transformation
t′ =
(
eQˆt
)
=
t
√
1−
ρiρ
i
R2
1−
ρiρ
i
R2
. (38)
2. Finite transformation of xi⊥ Since the commutator
[Qˆ, xi⊥] = χx
i
⊥
has a form similar to the commutator (27), then the finite transforma-
tion of xi⊥ takes the form similar to (38)
(xi⊥)
′ =
(
eQˆxi⊥
)
=
xi⊥
√
1−
ρiρ
i
R2
1−
ρix
i
R2
. (39)
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3. Finite transformation of xi‖ Since x
i
‖ is proportional to χ, we need to
evaluate (exp(Qˆ)χ). Using the commutator (28), we calculate
[Qˆ, F (χ)] =
dF
dy
, (40)
here we use the variable y defined previously in Eq. (33). Since the left-
hand side of Eq. (40) is a function of χ we get the analogous relation
for multiple commutator [11]
[Qˆ, [Qˆ, [· · · [Qˆ, F (χ)] · · · ]]]︸ ︷︷ ︸
n
=
dnF
dyn
, (41)
so that (
eQˆF (χ)
)
=
(
e
d
dyF (χ)
)
. (42)
Putting in Eq. (42) F (χ) = χ, we calculate
(
eQˆχ
)
=
χ− α tanhα
1−
aix
i
αR2
tanhα
. (43)
We finally obtain the finite symmetry transformation of xi‖
(xi‖)
′ =
(
eQˆxi‖
)
=
xi‖ − ρ
i
1−
ρix
i
R2
. (44)
Now we consider the coordinate transformations created by the generator
H . We introduce the operator
Qˆ ≡ aH = at(t∂t + x
i∂i), (45)
We evaluate the commutator of the generator Qˆ with coordinate xi :
[Qˆ, xi] = atxi, (46)
and all the following commutators will be
[Qˆ, F (t)xi] = a
(
t2
dF (t)
dt
+ tF (t)
)
xi =
(
GˆF (t)
)
xi, (47)
where
Gˆ ≡ a
(
t2
d
dt
+ t
)
. (48)
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Since (Gˆf(t)) is a function of t and Eq. (47) shows that the commutator Gˆ
with some function f(t) multiplied by xi, is again a function of t multiplied
by xi. Since
(
Gˆ1
)
= at, we obtain the simple relation :
[Qˆ, [Qˆ, [· · · [Qˆ, xi] · · · ]]]︸ ︷︷ ︸
n
=
(
Gˆn1
)
xi, (49)
Substituting the relation (49) to the formula (24) with f = xi, we obtain the
finite coordinate transformation
(xi)′ =
(
eQˆxi
)
=
∞∑
n=0
1
n!
(
Gˆn1
)
xi =
(
eGˆ1
)
xi. (50)
To evaluate
(
eGˆ1
)
we have to introduce a new variable z connected with t
by the relation
dt
dz
= at2, (51)
or t = −1/az. The operator Gˆ in new variable takes the form
Gˆ =
d
dz
−
1
z
= z
d
dz
z−1, (52)
and we get in the exponential form
eGˆ =
∞∑
n=0
1
n!
(
Gˆn
)
= ze
d
dz z−1, (53)
Now we can calculate (
eGˆ1
)
=
z
z + 1
, (54)
and finally we obtain the finite transformation
(xi)′ =
xi
1− at
. (55)
The commutator of generator Qˆ with t :
[Qˆ, t] = at2 (56)
differs from Eq.(46) only by replacing xi with t. Therefore, all previously
carried out calculations can be repeated for the finite transformation of t
and we finally obtain
t′ =
(
eQˆt
)
=
t
1− at
. (57)
Therefore we have obtained all symmetry transformations :
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Transformation from Pi :
t′ =
(
eQˆt
)
=
t
√
1−
ρiρ
i
R2
1−
ρix
i
R2
, (58)
(xi⊥)
′ =
(
eQˆxi⊥
)
=
xi⊥
√
1−
ρiρ
i
R2
1−
ρix
i
R2
, (59)
(xi‖)
′ =
(
eQˆxi‖
)
=
xi‖ − ρ
i
1−
ρix
i
R2
. (60)
Transformation from H :
t′ =
t
1− at
, (xi)′ =
xi
1− at
. (61)
Transformation from Ki :
(xi)′ = xi + vit, t′ = t. (62)
Transformation from Ji :
(xi)′ = Rijx
j , (63)
where bi, a, ai are the transformation parameters and Rij is a matrix of rota-
tional group.
4 Connection with the Lorentz transforma-
tions
At first glance, the previously constructed transformations seem absolutely
non-relativistic (i.e. they contain the Galilean transformations in exact
form). Moreover the metric of R-spacetime (1) can be obtained [3] from
the metric of anti-de Sitter spacetime in Beltrami coordinates in the non-
relativistic limit c −→∞.
We show that the group of transformations (58)-(63) indeed contains the
transformations which reduces to the ordinary Lorentz transformations in a
certain limit [9], [10], [12]. Moreover we note that geodesics in anti-de Sitter
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spacetime in the Beltrami coordinates are described by linear functions [6].
The group of transformations (58)-(63) are explained by linear-fractional
functions which conserve linearity of geodesics. As a result, this group con-
nect inertial reference frames. We will have constructed the connection of
spacetime coordinates of two inertial reference frames. We notice that the
group of transformations (58)-(63) conserve some invariant subspace – hyper-
surface t = 0. Therefore, it is implied to consider the inertial reference frame
where the origin of coordinates coincides in some moment of time, different
from zero.
To reduce the number and size of formulas we reduce to considering the
longitudinal space transformations. Our purpose is to connect the coor-
dinates of any world point in two different inertial reference frame (t, x)
and (tˆ, xˆ) correspondingly, with the additional condition that the point (t =
t0, x = 0) in coordinates of one inertial reference frame has the coordinates
(tˆ = t0, xˆ = 0) in other reference frame. For this thing we perform the
transformation (62) with some parameter v = −βR/t0 and then the trans-
formations (58), (60) with ρ = −β/R. This will ensure the fulfillment of the
condition xˆ = 0 if (t = t0, x = 0). Actually, under these transformations the
arbitrary point (t, x) changes to (t′, x′) :
x′ =
x− βR(t− t0)/t0
1 + βx/R
. (64)
However, under these transformation the time coordinate changes
t′ =
t
√
1− β2
1 + βx/R
, (65)
and (t = t0, x = 0) change to (t
′ = t0
√
1− β2, x′ = 0). To realize the
condition xˆ = 0, we introduce the transformations (61) :
tˆ =
t′
1 + at′
, (66)
xˆ =
x′
1 + at′
. (67)
We find a parameter a from the condition tˆ = t0 for t
′ = t0
√
1− β2. From
the relation (67) we obtain a = (1 − γ)/t0, where γ ≡ 1/
√
1− β2. Putting
the parameter a and the relations (64), (65) in right hand side of Eq. (66),
(67), finally we get
tˆ− t0 =
γ(t− t0 − βt0x/R)
1− (γ − 1)(t− t0)/t0 + γβx/R
, (68)
xˆ =
γ(x− βR(t− t0)/t0)
1− (γ − 1)(t− t0)/t0 + γβx/R
. (69)
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So these transformations are little similar to ordinary Lorentz transforma-
tions, but exactly they are coincident with the fractional-linear transforma-
tions, obtained in works [4], [5] and called there the Lorentz–Fock transfor-
mations.
We show that in small neighborhood of the point t = t0, x = 0 the rela-
tions (68), (69) are coincident with Lorentz transformations. The smallness
of neighborhood implies that |t − t0| ≪ t0 and |x| ≪ R. The formally-
mathematical change to this small neighborhood is realized by limit change
t0 →∞, R→∞ under constant relation R/t0 ≡ c0. Under such limit change
the denominator in the relation (68), (69) reaches to identity and numerator
is brought to the form
tˆ− t0 = γ(t− t0 − βx/c0), (70)
xˆ = γ(x− βc0(t− t0)). (71)
which coincides with ordinary Lorentz transformations. We also note that
under |x| ≪ R, |ρ| ≪ R the transformations (58), (60) convert to ordinary
space translations.
We consider the transformations (61) in small neighborhood of the point
t = t0 (i.e. under |t− t0| ≪ t0) and under small value of the transformation
parameter a (i.e. under at0 ≪ 1). It is reached to the limit change t0 → ∞
under the finite values t − t0 ≡ τ, at
2
0 ≡ α. Under this limit change the
relation (61) reaches to τ ′ = τ + α, x′ = x.
Therefore, we have shown that in small neighborhood of origin of space
coordinates and away from the hypersurface t = 0 the constructed trans-
formations coincide with transformations of Poincare group. Consequently,
all physical laws in neighborhood of the observer will coincide in terms of
Minkowski spacetime and R-spacetime. However, at cosmological distances
and times, significant differences in the interpretation of the observed events
are possible [7].
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